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Abstract—Previous investigations of noise in mutually syn-
chronized coupled-oscillator systems are extended to include the
effects of phase noise introduced by externally injected signals.
The analysis is developed for arbitrarily coupled arrays and an
arbitrary collection of coherent injected signals, and is illustrated
with the specific case of linear chains of nearest neighbor coupled
oscillators either globally locked (locking signal applied to each
array element) or with the locking signal applied to a single-array
element. It is shown that the general behavior is qualitatively
similar to a single injection-locked oscillator, with the output
noise tracking the injected noise near the carrier, and return-
ing to the free-running array noise far from the carrier, with
intermediate behavior significantly influenced by the number of
array elements and injection strength. The theory is validated
using a five-element GaAs MESFET oscillator array operating
at X-band.

Index Terms—Array noise, globally locked, injection locked,
injection strength, noise admittance, noise offset frequency, phase
noise, power spectral density, single element locked, synchroniza-
tion.

I. INTRODUCTION

COUPLED oscillator systems possess synchronization
properties that may be suitable for certain millimeter-

wave power-combining and beam-scanning applications [1]. In
previous analytical and experimental work it has been shown
that robust locking favors a low- oscillator design, which
implies a large locking range. Unfortunately, low-factors
also imply larger phase noise. In [2], the authors showed that
the phase noise in a mutually synchronized oscillator array is
reduced in comparison to a single-array element by a factor
of , where is the number of array elements. For many
applications and reasonable array sizes, this reduction is still
insufficient to meet system requirements. External locking to
a low-noise source is a possible solution. This paper extends
our previous work to include the effects of noise introduced
by an external locking signal, and explores the spectral
characteristics of the noise and the dependence on array size
and external locking configuration for a practical nearest
neighbor coupled-oscillator system. Only phase noise is
considered; amplitude noise andA.M.-to-P.M. noise conversion
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Fig. 1. Single-resonant negative-conductance oscillator model used in this
paper. Phase noise is modeled by a fluctuating susceptance, as in [4].

are assumed negligibly small in comparison to theP.M. noise
[3] in this paper.

II. A SINGLE NOISY OSCILLATOR

WITH A NOISY INJECTED SIGNAL

It will prove convenient to first review the noise properties
of a single injection-locked oscillator. This will provide an
example of the method of attack, and the results will be used as
a baseline for comparison with more complicated array noise
results.

The oscillator model used in this paper is shown in Fig. 1.
Each oscillator has a negative conductance device, a resonator,
and a complex noise admittance [4]. If the oscillator is under-
injection locked to the external source, the phase relationship
between the oscillator and the injection source can be de-
scribed as [1], [2], [5], [6]:

(1)

where are the instantaneous phases of the oscillator
and injection signals, respectively, and and are the free-
running frequency and factor of the oscillators, respectively.

is the injection strength (i.e., the injection
signal is normalized to the oscillator’s free-running am-
plitude ). is a time-varying noise susceptance (or
the quadrature-phase component of the noise admittance),
assumed to be an ergodic process [4]. A steady-state noise-free
synchronized state satisfies

(2)

where is the injection frequency,
is half the 3-dB bandwidth of the oscillator tank circuits,

is half the entire locking range, and the
circumflex ( ) denotes a steady-state quantity. Assuming the
noise is a small perturbation to the noise-free solution, we
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write and , where and
describe the small phase fluctuations of the oscillator

and injected signal, and (1) becomes

(3)

Fourier transforming (3) and rearranging terms gives

(4)

The tilde ( ) denotes a transformed or spectral variable, and
is the noise frequency measured relative to the carrier. The
power spectrum of the oscillator phase fluctuation is then
computed from , where the notation represents
an ensemble average. Evaluating this power spectra using (4)
leads to cross-power spectral densities of the form ,
which vanish, assuming and are uncorrelated
random processes with zero time average. In the absence of
an injected signal, the power spectral density of the oscillator
phase fluctuations (the phase noise) reduces to the familiar [2]

(5)

We then find

(6)

where we have dropped the notation, an ensemble or
time average being implicitly understood. The result (6) is
essentially the same as that derived by Kurokawa [7], and has
been discussed extensively by Dayet al. [8]. The essential
features are: 1) the near-carrier noise is approximately that
of the injected signal over most of the locking range, but
approaches that of the free-running oscillator at the band edges

and 2) the noise far from the carrier is that
of the free-running oscillator.

III. COUPLED OSCILLATORS WITH

EXTERNAL LOCKING SOURCES

We now consider arrays of oscillators of the general form
shown in Fig. 2, where each oscillator is again assumed to be
modeled as in Fig. 1. The oscillators are coupled in parallel
using a coupling network described by-parameters (see [9]
for a discussion of the influence of the oscillator equivalent
circuit). This model is similar to that used in previous work
with the exception of the addition of independent sources at
each port to account for externally injected signals from a
locking source. These sources are assumed to be mutually
coherent at a frequency , but can have arbitrary amplitude
and phase. Using methods from earlier work [1], we find that

Fig. 2. Oscillators coupled in parallel through an arbitrary network described
by Y -parameters. A set of mutually coherent sources apply injected signals
at each port.

the phase dynamics of an-element array are predominantly
governed by

(7)

for , where the following parameters have been
used to describe theth oscillator:

free-running frequency;
instantaneous phase;
normalized injected signal amplitude;
instantaneous phase of injected signal;
noise susceptance;

factor.

We have also assumed the oscillator amplitudes are approx-
imately the same in (7). The coupling parameters are
defined by

(8)

where describe the admittance or -parameters of the
coupling network, and is the load conductance required
for the free-running oscillator to achieve the desired oscillation
amplitude. The coupling strength and coupling delay between
oscillators are given by and , respectively. Our approach
to noise analysis involves examining the perturbations in the
phases brought about by the independent noise sources in each
oscillator, modeled by the ergodic processes . These
phase fluctuations are assumed to be small, which enables
us to linearize the nonlinear equations around a steady-state
noiselesssolution. Therefore, it is necessary to first quantify
the steady-state noiseless solutions in the presence of external
locking signals.

For simplicity, we will restrict attention to systems with
reciprocal nearest neighbor coupling. This is an important
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class of oscillator arrays from both a practical and analytical
standpoint, and based on previous work [2], we expect the
results to be representative of most reciprocally coupled arrays.
The coupling parameters in this case are

otherwise
(9)

where defines the strength of the coupling, anddescribes
the inter-oscillator coupling phase delay. We have also previ-
ously argued [9] for the design of coupling networks so that

, where is an integer. Assuming this to be the case,
and noting that is appropriate for the formulation
(7), the noiseless steady-state phasesmust satisfy

(10)

where is half the 3-dB bandwidth of the
oscillator resonant circuits, and the terms involvingor
(encountered for the end elements in the array, or )
are to be ignored.

We have previously studied this equation extensively for the
case when there are no externally injected signals .
Generally, a desired phase distribution can be assumed and
substituted into (10) to find the conditions for maintaining
this phase (the distribution must also be checked for stability).
We have found that a constant phase progression can be
established along the array so that , by properly
selecting the free-running frequencies, which are typically
controlled by a dc voltage across a varactor embedded in the
oscillator circuits. This phase progression is a stable solution
provided that

(11)

This solution is established by setting all of the free-running
frequencies of the central-array elements to a common center
frequency, and slightly detuning the peripheral elements in
proportion to the amount of desired inter-element phase shift.
The uniform phase distribution is a common design objective,
and potentially useful for beam scanning or power combining.

Examining (10) when , we find that the competing
effects of injection locking and mutual coupling tend to
preclude uniform phase progressions unless: 1) the phasing of
the injected signals is identical with that arising from mutual
coupling, and so tends to reinforce the solution described
above or 2) only a single-array element is injection locked.
These are very general observations; there may be special
circumstances where careful adjustment of all the free-running
frequencies and phasing of the injected signals may lead to
desirable phase distributions, but these solutions are difficult
to analytically quantify due to the nonlinear nature of the
equations. Therefore, in our treatment of noise, we will apply
the results to the following two cases which appear to have
practical merit. We assume each oscillator feeds an antenna,
so that injected signals can be applied quasi-optically or via
local circuits as follows.

• Case 1: Global illumination of the array with and
, as shown in Fig. 3(a), with the free-

(a)

(b)

Fig. 3. Two specific cases considered in this paper to illustrate the general
theory. (a) Globally injection-locked array (Case 1), with the locking signal
applied quasi-optically and (b) array with single element locked to an external
source (Case 2).

running frequencies adjusted so that . In this
case, the incident locking beam and the mutual coupling
act in concert to produce an output beam emerging as if
specularly reflected. The system thus resembles a quasi-
optical injection-locked amplifier. The injected signal
establishes a common phase reference, which we define
as . If the central array elements are adjusted so
that , then the above assumptions are satisfied
by

(12)

which is independent of the locking signal strength, and is
the same condition required to establish a uniform phase
progression in a mutually synchronized array with no
locking [1]. We have also defined in
(12). Using methods described in [1], it can be shown
that this mode is stable as long as (11) holds.

• Case 2: A single element of the array locked to an
external source, as shown in Fig. 3(b), with the free
running frequencies adjusted to produce a uniform phase
progression . If the th element is externally locked,
we write , where is the Kronecker delta,
and is the phase reference for the system. Here
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we can distinguish between external locking of a central-
array element and an end element ( or ) of the
array. In the former case, we find that a valid free-running
frequency distribution is given by (12) with .
When an end-element is locked, we find (for )

(13)
If we choose and , then the output
beam is controlled only by a single frequency variable,
or equivalently, a single dc voltage.

IV. A RRAY NOISE ANALYSIS

Once a steady-state solution for the phase distribution has
been computed, the dynamic equation (7) is used to investigate
the behavior of small fluctuations around the steady-state
solution. Making the substitutions and

, and assuming and are small, gives

(14)

Note that all of the injected signals are assumed to be derived
from the same source, and, therefore, all share a common time-
dependent fluctuation (we assume that any relative delays
in the paths of the injected signals are short compared with the
coherence length of the injection source). Taking the Fourier
transform and rearranging some terms gives

(15)

where the tilde () denotes a transformed or spectral variable,
and is the noise frequency measured relative to the carrier.
This equation can be written in matrix form. Using a similar
notation as in [2]:

(16)

where

...
...

...

The phase fluctuations of the individual oscillator are then
determined by inverting (16):

(17)

where , so that

(18)

where is an element of the matrix .
The combined output of all the array elements is the

most important quantity of interest in coupled-oscillator array
applications. In previous work [2], we showed that the total
phase fluctuation of the combined output signal

(19)

Using (18), we can write (19) as

(20)

The power spectral density of the total phase fluctuation (i.e.,
the phase noise) is computed as described in [2], assuming
the internal noise sources of the oscillators have the same
power spectral density, but mutually uncorrelated, and are also
uncorrelated with the injected signal noise, which leads to a
total phase noise described by

(21)

The first term is the contribution from all the internal noise
sources, including the effects of the mutual coupling. The
second term is the contribution from the noise of the external
injection source. For a given coupling network and injection-
locking configuration, the task of noise analysis is reduced to
that of computing the matrix elements . As discussed in [2],
in some cases, these sums can be analytically resolved.

A. Globally Injected Array

The inverse of is not easily expressed for the general case,
even for relatively simple coupling topologies. However, note
that from the relation we can write

(22)

For the general case, the matrix elements are known in
closed form, and it can be shown that

(23)
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Substituting the conditions for a globally illuminated array as
described earlier (Case 1, i.e., , and

, where is an integer), we find

(24)

and so, from (22)

(25)

The total output noise from (21) is then

(26)

where the term is the noise of a single free-running
oscillator from (5). The total noise has exactly the same form
as the result obtained for a single injection-locked oscillator
(6), except that the contribution from internal noise sources in
the array is reduced by , which is the same result as found
in [2], in the absence of injected signals. Near the carrier, the
output noise is that of the injected signal

(27)

and far from the carrier the noise reduces to that of a free-
running synchronized array as follows:

(28)

The spectral characteristics of the total noise in (26) for inter-
mediate frequencies are shown in Fig. 4 for several array sizes,
assuming , and both the internal and injected
noise characteristics follow the ideal dependence. The
individual array elements were taken to have a single sideband
noise of 60 dBc/Hz @100-kHz offset, typical of a low-
microstrip MESFET oscillator, and the injection source was
modeled by a similar noise source with130 dBc/Hz @100-
kHz offset. Note that the noise characteristics improve slightly
with increasing array size, which is due to the reduction
of the contribution from the internal noise sources, arising from
mutual coupling in the array. The dependence on the injected
signal strength for the same parameters described above is
also shown in Fig. 5.

B. Array with One Element Externally Locked

Following a similar analysis for the case of a single-array
element coupled to an external locking source (Case 2, i.e.,

, and , where is an
integer), we find, for a signal applied to theth element

(29)

which gives, from (22)

(30)

Fig. 4. Spectral characteristics of the phase noise in a globally illuminated
array [Fig. 3(a)] for several array sizes, both with (solid line) and without
(dotted line) the injected signal. The noise characteristics slightly improve
with increasing array size due to the mutual coupling.

Fig. 5. Spectral characteristics of the phase noise in a globally illuminated
array [Fig. 3(a)] versus normalized injection strength for the specific case of
N = 10.

The total noise is then given by

(31)

where the property was used. We cannot evaluate
this expression analytically without first finding the elements
of the th row or column of . However, we can examine
the limiting behavior near and far from the carrier. Near the
carrier, (30) gives

(32)

and substituting into (31) gives

(33)

Far from the carrier, we find

(34)
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Fig. 6. Spectral characteristics of the phase noise in an array with the center
element injection locked [Fig. 3(b)] for several array sizes, both with (solid
line) and without (dotted line) the injected signal. The noise characteristics
degrade with increasing array size.

Fig. 7. Spectral characteristics of the phase noise in an array with the center
element injection locked [Fig. 3(b)] versus normalized injection strength, for
the specific case ofN = 10.

which gives

(35)

These are the same asymptotic values as derived for the glob-
ally injected case. The behavior for intermediate frequencies
is more computationally complicated, but qualitatively similar
with respect to noise offset frequency. Fig. 6 illustrates the
total phase noise as a function of the offset frequency for
several different array sizes, with the injection signal applied to
the center element. The same noise parameters of Fig. 6 were
used as in Figs. 4 and 5, but a slightly larger injected signal
strength was used ( ). Here we observe a significant
degradation in the output phase noise with increasing array
size. Fig. 7 illustrates the dependence on the injection strength.
If the injection signal is instead applied at the first array
element, the noise characteristics degrade more rapidly with
increasing array size, as seen in Fig. 8. An analysis of the
individual noise fluctuations on the array confirms that the
individual contributions from the array elements increase with
distance from the injected signal, at a rate that depends on

Fig. 8. Spectral characteristics of the phase noise in an array with the first
element injection locked [Fig. 3(b)] for several array sizes, both with (solid
line) and without (dotted line) the injected signal. The noise characteristics
again degrade with increasing array size at a more rapid rate than Fig. 6.

Fig. 9. Schematic of the experimental five-element array used in this work.
The array operated inX-band, using packaged GaAs MESFET oscillators.
See text and [2] and [11] for circuit details.

the coupling strength. Thus, a practical system would clearly
favor a large inter-oscillator coupling strength, a large injected
signal strength, and the injected signal applied at the center of
the array.

V. EXPERIMENTAL RESULTS

A five-element linear coupled-oscillator chain was used
for experimental verification of this paper’s theory. This is
shown in Fig. 9, and is a similar design to previously reported
work [10]–[12]. The array is composed of five varactor-
tuned MESFET voltage-controlled oscillators (VCO’s) with
a nominal tuning range of 8–9 GHz. These VCO’s use
NE32184A packaged MESFET’s and MA-COM 46 600 var-
actor diodes, and are fabricated on the Rogers Duroid board
5880 with the thickness 0.787 mm. The VCO’s
are coupled together by one wavelength (at approximately

GHz) microstrip transmission lines, resistively
loaded with two 100- chip resistors. As described in [10],
this technique provides coupling parameters and

. Each oscillator is designed to deliver power to
a 50- load. The oscillators were “connectorized” using SMA-
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Fig. 10. Spectral characteristics of the phase noise of the experimental array.
The results show good quantitative agreement with the theory, and qualitative
agreement with the ideal curves of Fig. 7.

to-microstrip transitions, which allowed for simple testing
and later connection to an external five-element patch-antenna
array. The low-phase noise-source signal from an HP8350B
sweep oscillator is injected into the center element by a 100-
chip resistor and a section of the microstrip transmission line.
As described earlier, varying the end-element free-running fre-
quencies induces a constant phase progression along the array.
Representative radiation patterns for the experimental array
are described in various end-element detunings [11]. When
all elements are set to a common free-running frequency,
the elements are nominally in phase and a broadside beam
was detected. It was found that the array can remain locked
within a maximum end-element detuning of approximately

125 MHz, which gives an estimation of the locking range
MHz; hence, factor

.
The same-phase noise-measurement apparatus in [2] was

used to characterize both the total output array noise and the
individual oscillator fluctuations in a variety of conditions. For
total array noise, the oscillators were connected to a patch
antenna array and the output signal was measured with a
detector in the far field. Isolators were placed between the
oscillator output and the antenna feed to maintain a 50-load
impedance when the oscillators were detuned for scanning. For
the individual oscillator measurements, the oscillators were
connected directly to the measurement system using SMA
cables.

Fig. 10 shows the phase noise of the total array output
under synchronized conditions (all oscillators set to a common
free-running frequency), the noise of the injection source, and
the array noise when locked to the injection source for three
representative injection strengths. The injection-frequency was
tuned to the oscillators’ center frequency for the measurement.
The results show good qualitative agreement with Fig. 7. In
fact, using the measured values of the injection noise and free-
running array noise [2], the theoretical curves computed using
(21) were virtually indistinguishable from the measurement,
and thus difficult to present on the same curve for comparison.
Departures from the idealized curves of Fig. 7 are due to
the more complicated frequency dependence of the array and
injected noise sources.

VI. CONCLUSIONS

Analysis of the phase noise in coupled-oscillator array
externally locked to a low phase noise source has been derived
for the bilaterally coupled array. The analysis confirms that
the phase noise of the array is approximately that of the
injected source near the carrier, and approaches that of the free-
running array far from the carrier. The general case involving
arbitrary coupling topology of the array and injection signal
is impossible to analytically solve, but can be easily treated
numerically using the central result of the paper (21).

There are two important aspects of the array noise problem
that have not been treated in this paper. The first is the
influence of amplitude noise and possible conversion between
amplitude and phase noise. The second is the effect of nonzero
inter-element coupling phase and the resulting dependence of
noise on the relative phasing of the oscillators. As discussed in
[2], the phase noise near the locking band edge can markedly
increase. Unfortunately, this problem is very complicated
to treat analytically; the steady-state phase distribution for
nonzero coupling phase must be solved using nonlinear root-
finding algorithms, and there may be many solutions, each
of which must be checked for stability. Some insight can be
gleaned from the two-oscillator result (6), but the problem is
probably best treated on a case-by-case basis. However, as
we have shown in the experimental results of this and other
papers [1], [10], [11], it is possible to minimize these effects
by careful attention to the design of the coupling network.
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